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Abstract: The relativistic semi-classical approximation for a free massive particle is studied using the
Wigner-Weyl formalism. A non-covariant Wigner function is defined using the Newton-Wigner position
operator. The perturbative solution for the time evolution is found. Causality is found to be perturbatively
respected.
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1 Introduction.
The Wigner-Weyl formalism [1] offers a classical-like formulation of quantum mechanics using phase
space functions as observables and the Wigner function as an analogue of the Liouville density function. It
has been used to study semi-classical non-relativistic quantum mechanics for time evolution [2] and spectra
determination [3]. Relativistic generalizations of the Wigner function have been proposed [4], they are
manifestly covariant and are not suitable to study the semi-classical approximation. The problem lies in the
fact that the natural position operator in a manifestly covariant representation of a wave equation (as is the
Dirac representation for a spin 1/2 particle) does not have a clear semi-classical limit; the Dirac position
operator, for instance, gives rise to a velocity that is always equal to the speed of light. Another drawback
of the manifestly covariant representation that is related to the preceding one is that it has more than one
irreducible representation of the Poincare´ group corresponding to more than one particle (an electron and
a positron for the Dirac case). In this letter we propose a new definition of the Wigner function that uses
a Foldy-Wouthuysen representation [5] or equivalently the Newton-Wigner position operator [6]. We solve
pertubatively its time evolution and conclude with some remarks.
2 Wigner-Weyl formalism
The Wigner-Weyl formalism associates a phase space function to an operator acting on Hilbert space :
Aˆ→ a(x, p),
such that
Pˆ → p
Xˆ → x,
Pˆ and Xˆ are respectively the momentum and position operator. The wave function or the density matrix
are replaced by the Wigner function:
ρˆ→ f(x, p).
This mapping has the following fundamental properties:
Tr(Aˆρˆ) =
∫
dxdp af, (2.1)
AˆBˆ → ab+O(h¯), (2.2)
−i
h¯
[Aˆ, Bˆ]→ {a, b}+O(h¯). (2.3)
This mapping offers a way to express quantum mechanics using a classical language [1], making clear the
two conceptual differences between the classical and the quantum theory:
-A kinematical one due to the fact that the Wigner function and the Liouville density do not belong
to the same space, a density function does not correspond in general to a positive density matrix via the
Wigner-Weyl correspondance, nor does a Wigner function have to be positive. As an example the function
f = δ(x)δ(p)
is a Liouville density but not a Wigner function (it violates the uncertainty relations).
- A dynamical one due to the different equations obeyed by the the two functions. For a free non-
relativistic particle there is only a kinematical difference.
In this letter we are only interested in the dynamical semiclassical limit, one can take a Wigner function
that is also a density function at t = 0 and compare the classical and quantum evolution.
In order for the observable and its corresponding phase space function to have the same physical content,
we add the requirement
XˆNW → x, (2.4)
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where XˆNW is the Newton-Wigner position operator. We make the assumption that the physical position
is described by the Newton-Wigner position operator. This is the main difference between our Wigner-Weyl
correspondance and the manifestly covariant one, where the manifestly covariant position operator plays the
role of XˆNW . We now give the formulae relating the phase space function and the Wigner function with the
quantum operator and the density matrix in a representation independant form:
a(x, p) = 2Tr
(
Aˆe
2i
h¯ (XˆNW p−xPˆ)Pˆ
)
, (2.5a)
f(x, p) =
1
(pih¯)
d
Tr
(
ρˆe
2i
h¯ (XˆNW p−xPˆ)Pˆ
)
, (2.5b)
d is the space dimension, Pˆ is the momentum operator and Pˆ is the parity operator. These formulae
(2.5) apply to a spin zero massive particle, generalization to spinning massive particles is straightforward.
Expressing the Newton-Wigner operator is easy in the Foldy representation [6], where the time evolution of
the wave function is given by (c=1)
i∂tψ = (p
2 +m2)
1
2ψ, (2.6)
the scalar product is: ∫
dp ψ∗φ,
and the Newton-Wigner operator is:
XˆNW = i
∂
∂P
. (2.7)
This representation may be used to write the Wigner function in a more familiar way, when the density
matrix is a pure state, evaluation of (2.5b) gives
f(x, p) =
1
(pih¯)d
∫
dqψ∗(p−
q
2
)ψ(p+
q
2
)e
−i
h¯
qx. (2.8)
Note that this function is not manifestly covariant, it becomes so in the classical approximation.
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3 Time evolution
We restrict ourselves to a one dimensional spinless massive particle. The equation governing the time
evolution of the Wigner function is easiley seen to be
∂tft =
i
h¯
[
h
(
p+
ih¯
2
∂
∂x
)
− h
(
p−
ih¯
2
∂
∂x
)]
ft, (3.1)
h(p) = (p2 +m2)
1
2 . (3.2)
Expansion in powers of h¯ gives the following equation:
∂tft = −
p
h(p)
∂
∂x
ft −
∞∑
n=1
(
ih¯
2
)2n
h(2n+1)(p)
(2n+ 1)!
∂2n+1
∂x2n+1
ft, (3.3)
where h(m)(p) is the the mth derivative of h(p). The first term on the right hand side is the classical Liouville
term and the second gives the quantum correction to the classical motion. Note that in the non-relativistic
limit only the first term survives. One can solve this equation perturbatively and gets the following solution:
ft(x, p) = Qˆ(t)f
cl
t (x, p), (3.4)
Qˆ(t) = 1 +
∞∑
n=1
h¯2nQˆn(t), (3.5)
where f clt is the classical solution and Qˆn(t) is a time-dependant differential operator that we can calculate
using the following recursion formula
Qˆ1 = t
h(3)(p)
24
∂3
∂x3
,
Qˆn =
(−1)n+1t
22n(2n+ 1)!
h(2n+1)(p)
∂2n+1
∂x2n+1
−
n−1∑
p=1
∫
−t
0
dτQˆ′p(τ)Qˆn−p(−τ) , (3.6)
where the prime is for the time derivative. The h¯ expansion giving the solution is an asymptotic one, the
first few terms give a good approximation of the exact solution if the following conditions are satisfied:
∆x≫
h¯
m
= λ, t≪ ∆x
(
∆x
λ
)2
,
∆x is the characteristic scale of ft. Note that to any finite order in h¯ causality is respected since the quautum
solution is obtained from the classical one by application of a differential operator; causality violation [7] is
non-perturbative in h¯.
4 Summary and conclusion
We defined a new non-covariant Wigner function that is suitable to study the semiclassical limit for a
relativistic particle. A representation independant form has been given for this function and for other phase
space functions. In the Foldy representation where positive and negative energy states are decoupled, the
expression for the Wigner function looks like the non-relativistic one. The equation governing its free time
evolution was perturbatively solved. Quantum corrections to the Liouville dynamics become important for
long times or states better localized than the Compton wavelenght. One can consider a particle in an external
potential, whenever this potential is a function of XˆNW no complications arise, but if one considers more
realistic potentials, as the usual Coulomb potential, one has a coupling between positive and negative energy
states and relativistic quantum mechanics of a particle looses it validity.
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